The form of commutator presentation [7] was presented by us in form of wreath recursion [6] and commutator width of it was studied.
The subtree of X * (or T) induced by the set of vertices ∪ k i=0 X i is denoted by X [k] (T k ). The restriction of the action of an automorphism g ∈ AutX * to the subtree X [l] is denoted by g (v) | X [l] . A restriction g (v) | X [1] is called the vertex permutation (v.p.) of g in a vertex v.
Main Result
In this work the previous result of the author [1] is strengthen also there is considered new class of wreathcyclic groups ℑ (let G ∈ ℑ) which constructed by formula:
Denote by i j the orders of C i j .
At the end of this product a semidirect product may arise with a given homomorphism φ defined by a free action on the set Z, i.e. get a group of the form
Last group is isomorphic to one of the fundamental orbital groups O f (f ) of the Morse function f . Namely, π 0 (S, f | ∂M ) [21] .
Consider the group H = n ≀ j=1 C i j , where orders i j of all C i j are mutually coprime for j > 1 and a number of cyclic factors in wreath product is finite. We call such group H by wreathcyclic.
The multiplication rule of automorphisms g, h which is presented in form of the wreath recursion [4] g = (g (1) , g (2) , . . . , g (d) )σ g , h = (h (1) , h (2) , . . . , h (d) )σ h , is given by the formula:
In general case if an active group is not cyclic then the cycle decomposition of n-tuple of automorphism sections induces the corresponding decomposition of the σ g .
If σ is vertex permutation of automorphism g at v ij and all the vertex permutations below v ij are trivial, then we do not distinguish σ from the section g v ij of g defined by it, viz we can write g v ij = σ = (v ij )g as it proposed in [12] .
We make use of rooted and directed automorphisms [12] .
Definition. An automorphism of T is rooted if all of its vertex permutations that correspond to non-empty words are trivial.
Let l = x 1 x 2 x 3 ... be an infinite ray in T.
Definition. We say that the automorphism g of T is directed along l and we call l the spine of g if all vertex permutations along the ray l and all vertex permutations corresponding to vertices whose distance to the ray l is at least 2 are trivial ( Figure 1 ).
But we consider only truncated trees and truncated automorphisms, so for convenience we say rooted automorphism instead of truncated rooted automorphism. If orders of cyclic groups C n i , C n j is mutually coprime i = j then the
Construct the generators of n ≀ j=0 C i j as a rooted automorphism β 0 in Figure 2 and a directed automorphism β 1 [12] along a path l in Figure 1 on a rooted labeled truncated tree T X . We consider the group 
We make use of presentation of wreath product elements by tableaux of Kaloujnine [16] that has
..] also we use subgroup of tableau of length n which has form σ (n) = [a 1 , a 2 (x 1 ), ...a n (x 1 , ..., x n )] and the tableau which has first n coordinates trivial was denoted by (n) σ = [e, ..., e, α n+1 (
. The canonical set of generators for wreath product of C p ≀ ... ≀ C p ≀ C p was used by V.
Sushanskyy in [13] also it was used by us in [15] . This set has form 
We split such table in sections with respect to (1) i-th section corresponds to portrait of α at i-th level. Also the first section corresponds to an active group and to crown of wreath product G, the second section is separated with a semicolon to a base of wreath product. The sections of the base of wreath product are divided into parts by semicolon too and these parts correspond to groups C i j which form the base of wreath product. The l-th section of of a tableau presentation of automorphism β 1 corresponds to portrait of automorphism β 1 on level X l . The portrait of automorphisms β 1 on level X l is characterized by the sequence (e, ..., e, π l , e, ..., e), where coordinate of π l is vertex number of unique non trivial v.p. on X l , the sequence has i 0 i 1 ...i l−1 coordinates. Therefore, our first generator has form β 0 = [π 1 , e, e, ..., e] that is the rooted automorphism, second has form ). Then we obtain σ 2 = β
, which corresponds to generator σ 2 of canonical generating set (1) . Observe that [14] .
By the same principle we obtain [14] . By the same principle we can express all σ i of our canonical generating set.
If it were a self-similar group, then it would be more usefull to present it in terms of wreath recursion, as the set where β 0 is the rooted automorphism. Given a permutational representation of C i j we can present our group by wreath recursion. We present β 1 by wreath recursion as β 1 = (π 2 , β 2 , e, e, ..., e). It would be written in form σ
e, e, ..., e) = (π 2 lcm(2) , e, e, ..., e), since ord(π 2 ) = i 2 and (i 2 , lcm 2 ) = 1
).
Then we obtain the second generator σ 2 of canonical generating set by exponentation
= (π 2 , e, ..., e). Since we have obtain σ 2 = (π 2 , e, ..., e), then we can
2 , e, ..., e , where π 2 is a state of σ 2 . Consider an alternative recursive constructed generating set consisting of nested automorphism β 1 states that are β 2 , β 3 ,...,β m and the automorphism β 0 . The state β 2 is expressed as follows σ −1 2 β 1 = (e, β 2 , e, ..., e). A second generator of a recursive generating set also could be constructed in an other
e, e, ..., e) = (e, β 2 i 2 , ..., e, e). Where β 2 is the state in a vertex of the second level X 2 .
Then we express the next state β 2 of β 1 by multiplying σ −1 2 β 1 = (e, β 2 , e, ..., e). Therefore by a recursive approach we obtain β 2 = (π 3 , β 3 , e, ..., e) and analogously we get β
, e, ..., e . Entirely similar we get β
, e, ..., e and σ k = β
= (π k , e, ..., e). Thus, the k-th generator of recursive generating set could be expressed as follows σ
The last generator of our generating set has another structure σ m = (π m , e, ..., e). 
The generators α 1 and β 1 are directed automorphisms, α 0 , β 0 are rooted automorphisms [12] . The structure of tableaux are described above in Theorem 1. In case (|α 0 |, |β 0 |) = 1 are mutually coprime and (|α 1 |, |β 1 |) = 1 are mutually coprime, then we group generator α 0 and β 0 in vector that is first generator of direct product
. Therefore first generator of G has form (α 0 , β 0 ) and the second generator has form of vector (β 1 , α 1 ). The generator α 1 has a similar structure.
To express the generator σ 2 of canonical set (1) from α 0 , β 1 we exponent β 1 to lcm 2 .
Analogously σ k = β 1 lcm k .
Generators of commutator and commutator width of wreath product
Let us find upper bound of generators number for G ′ . More generally, let A be a group and B a permutation group, i.e. a group A acting on a set X (active group A can acts not faithfully). Consider the set all pairs {(a, f ), f : X → h, a ∈ A}.
A product on this set is defined by {(
Proof. Generating set of generators in form of tableaux [17] for W ′ : a ′ i = (a i ; e, e, e, ..., e), t 1 = (e; h j 1 , e, e, ..., c j 1 ), ..., t k = (e; e, e, e, ..., h j k , e, ..., h j k ), t l = (e; e, e, e, ..., h j l , c j l ), where h j , c j l ∈ S B , B = S B , a i ∈ S A , A = S A . Let orbits of an action A on X are {O j } j∈J . Note that, on a each coordinate of tableau, that presents a commutator of
∈ B, this should satisfy the following condition:
Viz the product of coordinate of wreath product base is an element of commutator B ′ . As it was described above it is subdirect product of B × B × ... × B n with additional condition (2) . It is just the case because not all element of this subdirect product are independent, since even one element have to be chosen in such way in order that (2) holds. If we rearrange all factors in product in the following way:
where [g, h] is a commutator in case cw(B) = 1. We express this element from
. This commutator are formed as product of commutators of rearranged elements of
. We can generate it by generators of form [e; e, ..., c l ]
that is in our generating set. Therefore, we have a direct product of n − 1 the copies of the group B and the multiplier We shall consider special case when a passive group (B, Y ) of W is a perfect group.
Since we obtain a direct product of n − 1 the copies of the group B then according to
. More exact upper bound give us Theorem A., which use s a the size of the smallest simple image of G. According to the Theorem A. [28] for all sufficiently large n the following estimation d(G n ) ≤ clog s n holds, where c is a constant.
Therefore, in this case our upper bound has form:
Now we consider no regular wreath product, where active group can be both as infinite as finite and consider a center of such group. Let X = {x 1 , x 2 , ..., x n } be A-space. If an non faithfully action by conjugation determines a shift of copies of A from direct product B n then we have not standard wreath product (A, X) ≀ B that is semidirect product of
A and
B that is A⋉ ϕ (B) n and the following Proposition holds. Let K = ker(A, X)
that is subgroup of A that acts on X as a pointwise stabilizer, that is kernel of action of
, trivial an element, and Z(ker(A)) × E. Other words
where h ∈ Z(B) and K = ker(A).
Indeed the elements of form (1; h, h, ..., h n ) will not be changed by action of conjugation of any element from A because any permutation elements coordinate of diagonal of B n does not change it. Also h commutate with any element of base of (A, X) ≀ B because h from center of B. Since the action is defined by shift on finite set X, |X| = n is not faithfully, then its kernel K = E.
. Since the action is defined by shift on finite set X, |X| = n is not faithfully, and its kernel is isomorphic to nZ because cyclic shift on n coordinates is invariant on X. Thus, it consist of n tableaux of form h i = (h i1 , ..., h im ) and relations for coordinate of any tableau h i , i ∈ {1, ..., n − 1} is
According to Theorem 3 for wreath product of abelian groups which presented in multiplicative form this relation has form
Example. Let G = Z n ≀ Z m is standard wreath product, then d(G ′ ) = n − 1.
Application to geometric groups of diffeomorphisms acting on the Mebius band
The following geometric objects and actions of diffeomorphisms were considered by Maksymenko S. [21] we are going to investigate an algebraic structure and generators of one group of such type.
Let M be a smooth compact connected surface, P be either the real line or the circle, Let X f the partition of M whose elements are connected components of level-sets f −1 (c) of f . An element g ∈ X f is called critical if it contains a critical point of f , otherwise, g is regular. It is well known that the factor space M/X f has a natural structure of a finite graph, called Kronrod-Reeb graph.
In our case, the diffeomorphisms act on the Mebius band. Let M be a compact not orientable surface and ω be a volume from M that h form of Mebius band. For a
This group is associated with S id (f ) a subgroup of stabilizer elements isotopic to the identity, namely group Z, defining a shift, is ρ. Since the group action is continuously then ρ can realize only cyclic shift, without changing the domains of simplicity X i order.
Let there are n critical sets X i on M . The automorphism group H ≃ π 1 (O f , f ) has too subgroups Z which corresponds to rotation of M with all critical sets X i without changing order of X i and (Z) n is the subgroup of automorphisms of n critical sets. Analogously to investigations of [1, 21, 23] there is short exact sequence 0
where G-group of automorphisms Reeb's (Kronrod-Reeb) graph [21] and
is orbit under action of diffeomorphism group, As a result of such an action, a surjective epimorphism to a group Z, which has left inverse and arises as well as splitting. Therefore, the automorphism group has the structure of a semi-direct product (Z) n ⋊ Z as it also was shown by Maksymenko S. [21] in the similar case for another group and set (surface).
Moreover, this Morse function f has critical sets X i on Mebius band (M ) with one saddle point.
The minimal set of generators for the fundamental group
of the orbit of the function f with respect to the action of the group of diffeomorphisms of non-moving on ∂M is found in the next theorem.
Since the action of the group of diffeomorphisms on n-critical sets of M are determined and described above, then the considered by us group has the correspondent to this action structure
Denote by H the fundamental group
The first generator is ρ it realizes shift of Mebius band and second τ realize rotation of domains X i of simple connectedness on Mebius band when passing through the twisting point of Mebius band (M). Other wodrs τ acting by automorphism by permutation of sheets of doubles X i with winding of outer adjacency on each doubles X i . Thus, τ i has infinite order.
Bounds of these domains are line of level of function f on these domains, viz the such sets of points, where f = const 1 . We shall prove that relation is true. The action of the first generator ρ of the group, defines the homomorphism in Aut(Z n ). Let us prove that relation is true.
Theorem 4.
The group H ≃ Z⋉(Z) n = ρ, τ with defined above homomorphism in AutZ n has two generators and non trivial relations
Also this group admits another presentation in generators and relations
According to described above action we have that the action of the first generator ρ of the group, defines the homomorphism in the AutZ n . There exists such difeomsrphism from D(M ), that calls Dehn twist, which has infinite order becase it makes winding of outer adjacency (Dehn twist [25] ) on this doubles X i , and it belongs to stabilizer S(f ).
Thus generator τ corresponds to this difeomsrphism.
Let x i denote the number of domain X i . The action of the first generator ρ of the group, defines the homomorphism ρ(x 1 , ..., x n ) = ϕ ρ (x 1 , ..., x n ), where ϕ(x 1 , ..., x n ) = (−x n , x 1 , ..., x n−1 ).
Also the action could be represented as
We extend the action of ρ onto arbitrary α ∈ Z. This action is sequential shifts of X i along orbit on M defined by α.
Consider two sets. First set are α = 1, 2, ..., n, for instance α = 1, then Relations in non minimal generating set is the following
It yields that the relations in the minimal generating set ρ, τ are following:
Where τ 1 = τ and due to relation ρ 2n τ i ρ −2n = τ i+1 we transform our minimal generating set in canonical generating set of n + 1 element ρ, τ 1 , τ 2 , ..., τ n .
As well known the generators of semidirect product G ⋉ H can be presented in form (g, h), we make use this form. The generators of Z n has form of vector τ 1 = (h 1 , e, e, . . . , e, ), τ 2 = (e, h 2 , e, . . . , e, ), . . . , τ n = (e, e, . . . , h n ). Using operation of conjugation of (e, h 1 ) = τ 1 = τ by (g, e) = ρ, where h 1 is one of generators of Z n and g is generator of Z, we express the second generator of Z n .
(g, e) −1 (e, τ 1 ) (g, e) = (e, τ 2 ) .
Analogously (g, e) −1 (e, τ 2 ) (g, e) = (e, τ 3 ) ,
(g, e) −1 (e, τ n−1 ) (g, e) = (e, τ n ) .
We shall to show that there are not else independent relations in H. In the group H all canonical words has form
This form follows from form of a semidirect product elements. We prove that using relation from (3) and reductions of reciprocals elements we transform any finite non trivial word of F n+1 to form (4). Also we shall prove that set of all words which maps in trivial by surjective homomorphism with a kernel that is normal closure of relations set R from 3 are coincides with trivial words in the group π(O f , f ). For this goal we shall to prove transformation equivalence τ i ρ = ρτ i+1 . In fact,
Also the relation τ i τ j = τ j τ i holds because automorphisms of X i an X j are independent of each other. Therefore, using this transformation, we can rearrange all ρ to the first position in the word over the alphabet {ρ, τ 1 , ..., τ n }. We shall to show that normal closure of relations ρτ i( mod n) ρ −1 = τ i+1( mod n) , τ i τ j = τ j τ i determines the kernel of surjective homomorphism ψ from F n+1 to the group H. The images of such mapping are canonical words (4) which are form H. The form of canonical words are determined by the semidirect product Z⋉(Z) n and its automorphisms. This mapping ϕ has form x
p l . For this goal we use transformation equivalence
Therefore, using this transformation, we can rearrange all ρ to the first position in the word over the alphabet {ρ, τ 1 , ..., τ n }. More precisely, this conversion is written
The kernel of surjective homomorphism ψ contains exactly that words that after mapping ψ becomes in trivial words in group H because trivial words in H has form ρ 0 τ 0 1 τ 0 2 ...τ 0 n . An arbitrary word from ker(ψ) can be transformed due to (5) 
n , where i k = 0 for all k. In fact ker(ψ) is normal closure of relations (3), then it consist of words ρτ i( mod n) ρ −1 τ
Thus, the words from normal closure has zero sum of powers of each generator. In real group H with reduced canonical words (4) ρ k τ The main property of homomorphism ϕ from F n+1 onto H holds due to this trans-
Thus, main property of homomorphism holds.
Such relation ρ 2n τ 1 ρ −2n = τ 1 is typical for wreath product.
Since there homomrphism from the group Z into the group AutZ n which determines a shift of generators (τ 1 , ..., τ n ) of Z n can be presented by the matrix φ, which for case (h 1 , e, e, e), (e, h 2 , e, e) , ... , (e, e, e, h 4 ).
To check the relation for n = 4 we consider
Thus, φ 8 = E and our relation ρ 2n τ 1 ρ −2n = τ 1 holds.
The group of such kind arises as fundamental group of orbit π 1 (O f , f ) for some Morse function f , which described above, on Mebius band M [21] .
So we derived the relation ρ 2n τ ρ −2n = τ if we multiply it from left on τ −1 then we express τ −1 ρ 2n τ ρ −2n = e. Also we multiply it from the right on ρ 2n thus we obtain the result τ −1 ρ 2n τ = ρ 2n . Such a relation characterizes Bauslag-Soliter group, that is, the group G(m; k) having the form G(m; n) = a, b; a −1 b m a = b k , where m, k ∈ Z. But Bauslag-Soliter group has only one relation. According to the criterion of almost F papproximability of groups [27] for n = m, the group G(m; n) is almost F p -approximable for any prime number p. We generalize result of Meldrum because, we consider not only permutation wreath product groups, and a group A can acts on a set X not faithfully ((A, X) ≀ B). Recall that action is faithful if for every g ∈ G exists x from G-space X such that x g = x. We consider wreath product with no regular action of active group Z.
Let X = {x 1 , x 2 , ..., x n } be Z-space. If an action by conjugation determines a shift of copies of Z from direct product Z n then we have not standard wreath product (Z, X) ≀ Z that is semidirect product of Z and
Z that is Z⋉ φ (Z) n and the following Corollary holds.
Corollary 2. A center of the group Z⋉ φ (Z) n ≃ (Z, X) ≀ Z consists of normal closure of diagonal of Z n , trivial an element, and kernel of action by conjugation that is nZ.
Other words
Z(H) = 1; h, h, ..., h n ), e, (nZ, X) ≀ E ≃ nZ × Z, where h, g ∈ Z, Z(H) ≃ nZ × Z.
The prove is immediately follows from Corollary 1 and kernel of action of φ. Then stabilizer of action on Z-space X = {x 1 , x 2 , ..., x n } is subgroup nZ. Also in kernel of action is elements from diagonal of Z n .
Z, where | X m |= m, | X n |= n then the action is defined by shift on finite set X n , |X| = n is not faithfully, and its kernel is isomorphic to nZ because cyclic shift on n coordinates is invariant on X. The action is defined by shift on finite set X m is not faithfully, and its kernel is isomorphic to mZ. Also in kernel of action is elements from diagonal of Z nm that is isomorphic to Z. Thus its center Z(G) ≃ nZ × mZ × Z.
Remark. A center of a group of form Z⋉ φ (B) n ≃ (Z, X) ≀ B generates by normal closure of: diagonal of B n , trivial an element, and nZ ≀ X E.
Conclusion
The minimal generating set and structure of the group π 0 S id (f ) of orbit of one Morse function were investigated. The minimal generaitng set for wreathcyclic group was constructed.
